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Introduction

N attractive characteristic of tangential thrust (aligning the

thrust and velocity vectors) is that it provides the most ef-
ficient strategy for changing the instantaneous orbital energy rate
of a low-thrust spacecraft. Therefore, tangent thrust is often pro-
posed for orbit raising,! planetary escape,’ or planetary capture
maneuvers.? Low tangential-thrust trajectories are slowly develop-
ing spirals about the attracting body, which may result in hundreds
or thousands of orbital revolutions with current electric propulsion
technology. Therefore, simulating many-revolution, long-duration
trajectories using precise numerical integration methods is very time
consuming. In the 1950s and 1960s, Perkins,* Stark and Arthur, and
Zee® all developed analytic solutions for analyzing and computing
low-thrust trajectories using a constant, continuous tangential accel-
eration in a two-body gravity field. Kechichian' developed an av-
eraging method for orbital raising using tangential acceleration for
small-to-moderate eccentricity orbits. Kechichian also considered
the Earth-shadow effect (periods of zero thrust for a solar-electric
device) in his analysis. Sukhanov and Prado’ developed an approx-
imate method to change spacecraft energy in minimum time using
low tangential acceleration near an oblate planet without consider-
ing the shadow effect.

In this Note, an analytic orbital averaging technique is developed
for computing long-duration low tangential-thrust trajectories. An-
alytic expressions for the incremental changes in classical orbital
elements for each orbital revolution are obtained by using simple
approximations, and these expressions lead to relatively simple for-
mulations. Our technique accommodates the mass flow rate (vary-
ing thrust acceleration), Earth-shadow and Earth-oblateness effects,
and initial high-eccentricity orbits. Furthermore, the time histories
of the mean values of the non-secular classical orbital elements are
obtained. Our orbital averaging technique provides a fast algorithm
for simulating many-revolution trajectories using low tangential ac-
celeration and also exhibits favorable accuracy compared with sim-
ulation results obtained by precise numerical integration methods.
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Orbital Averaging Technique

To obtain the new orbital averaging technique, we start with the
variational form of the classical orbital elements® for planar maneu-
vers (no out-of-plane thrust component):

da 2a’esinf 2a’p
da _ - 1
dr h w0 )
9 L psingf, + 1(p + 1) cosd + rel @
@ _hpsm frt s p+r)cos relfy
dw pcos6 (p+r)sinéd
- __ : 3
dr he YT he &
dE 1
L —|:f,(cos9—e)—fg<1+£) sin0i| &)
dr r nae a

where a is the semimajor axis, e is the eccentricity,  is the argument
of the periapsis, 6 is the true anomaly, E is the eccentric anomaly,
p=a(l — e?)is the semilatus rectum, i = /(p) is the angular mo-
mentum, n = /(j1/a>) is the mean motion, and r = p/(1 + e cos 8)
is the orbital radius. The variable i denotes the gravitational pa-
rameter of the attracting body. Radial and circumferential thrust-
acceleration components are f, and fy, respectively. Because the
thrust accelerations f, and f, are much smaller than the gravita-
tional acceleration, Eq. (4) can be approximated as

®)

Further explanation of the assumption that leads to Eq. (5) is in
order. For nearly circular orbits, the first term in Eq. (4) is approx-
imately n, whereas the second factor (1/nae) is not necessarily
small. However, when thrust acceleration magnitude is very small,
it essentially cancels the effect of the 1/e term. For example, if
e =0.001 and a = 1.05 Earth radii (nearly circular low Earth orbit)
and f =107° m/s?, then the second term in Eq. (4) is two orders of
magnitude smaller than the first term.

The relationship between true and eccentric anomalies is given by
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Therefore, derivatives of the classical orbital elements, a, e, and w,
with respect to eccentric anomaly E can be obtained by dividing
Egs. (1-3) by Eq. (5),
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The radial and circumferential components for tangential accelera-
tion can be expressed as

esin E
V1 —e2cos? E

fo=r =2 (1)
’ V1 —e%cos’ E
where f =./(f*+ f?). If we assume that a, e, w, and f are con-
stant over an orbital revolution, then the incremental changes in the
elements due to tangential thrust over an orbital arc from E to E ¢
can be obtained by integrating Eqs. (7-9) with thrust components
(10) and (11),

Er da
—dE——f 1 —e?cos2 EAE (12)
Eo

fr=r (10)

dE

/Ef de 2a®
—dE:—(l—e)f
E

dE
0
Ef 1
/ VvV1—e2co8? E — ———— | dE
o V1 —e2cos? E

1 b
+|:[’n,<sinE+ —v/ 1 — €2 cos? E>i|
e
Ep
Ey d 2 2
O dE=_L J1_ef
5 dE el
0
X [m—i— sin™! (e cos E)]Ef (14)
20

Note that we are unable to find analytic expressions for the terms

13)

Ey
/ 1 —e2cos? EAE

Ef 1
f vV1—e2cos? E — —— | dE
£ V1 —e?cos? E

in Egs. (12) and (13). However, we can utilize the following approx-
imations for the integrands of these two terms:
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In Eq. (15), we use a simple periodic function (including the term
sin’ E) with the same boundaries by determining the lower and
upper limits of the term /(1 —e?cos® E). In Eq. (16), a simple
local approximation is used by converting the bounded function
cos? E to a constant parameter c that is between 0 and 1. (Numerical
trials for a range ¢ € [0, 1] showed that ¢ = 0.8 yielded satisfactory
accuracy.) The approximations exhibit satisfactory accuracy, and
for near-circular orbits, the approximation becomes more accurate
and the selected value for constant ¢ is less important. The analytic
integrals of the approximate integrands [Eqgs. (15) and (16)] are
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The averaged changes of the orbital elements due to oblateness
(J2) perturbations are
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where i is inclination, 2 is longitude of the ascending node, and
r. is the Earth radius (r, =1 Re =6378.14 km). The overbar de-
notes averaged elements with respect to J, effects. With use of the
notation x4 = [a, e, i, 2, w]” for the averaged elements due to in-
plane thrust-acceleration perturbations and ¥ =[a, e, i, Q, @]" for
the averaged elements due to J, perturbations, the total incremental
changes in the classical orbital elements with respect to both effects
for the next k revolutions are computed as
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where E., and E., are Earth-shadow entrance and exit eccentric
anomalies, respectively. The mass loss Am and flight time Az every
k revolutions are
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where P is input power, I, is specific impulse, 7 is engine effi-
ciency, and g is sea-level Earth gravitational acceleration. Thrust
acceleration magnitude is f =2nP/(mgly), where m is the cur-
rent spacecraft mass. With y=[x ¢ m] and Ay =[Ax At Am],
the elements in the (i + k)th revolution are computed by using the
modified Euler integration step,

Yivk=Yi + Ay; (25)
Ye=0Qi +Yit)/2 (26)
Yitk=Yi + Ay, 27)

The value of k can be selected according to the osculating orbital
period 27 /n,

mod( Py, 2t/n) < 1

1 if
a {mod(Pob, 27 /n) if  mod(Py,2m/n) > 1 (28)
where P, is a predefined orbital period threshold value. The oper-
ator mod obtains the integer part of the real number P,/ (27 /n). If
Py 1s small or the current orbital period is large, then k = 1, and we
compute Ay for each orbital revolution. If P, is large or the current
orbital period is small, then k£ > 1, and we propagate the elements
over several revolutions. The desired final semimajor axis ay or fi-
nal time ¢, can be specific as the stopping condition for the orbital
averaging technique. If semimajor axis is the stopping condition,
then the flight time, mass, and states at a, are obtained by linear
interpolation as a; <ay < a; 4,

as

yr=yi+ —— (y:+k (29
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If flight time is the stopping condition, then the states and mass at

t; are obtained by linear interpolation as #; <ty <t; ¢,

l
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One disadvantage of the proposed orbital averaging approach
is that it cannot simulate hyperbolic trajectories. Furthermore, ec-
centricity cannot be exactly zero or argument of periapsis and its
dynamic equation are undefined.

Comparison Between Orbital Averaging
and Precise Integration

Trajectories obtained by the analytic orbital averaging technique
are compared with trajectories obtained by precise numerical inte-
gration methods. Several Earth-orbit raising trajectories using tan-
gential acceleration are obtained, and in each case, the spacecraft
parameters are P =5 kW, I, =3000 s, n = 0.6, and the initial mass
is mo = 1000 kg, which results in a very low initial thrust-to-weight
ratio of 2.08 x 1073, Table 1 presents the initial orbital elements,
desired stopping condition (¢; or ay), and period parameter P,
for three simulation cases. The calendar date is fixed at 1 January
2008 for all initial orbits (required for Earth-shadow conditions).
Earth-shadow periods and J, perturbation effects are included in
all cases. Earth-shadow conditions are important for analyzing the
motion of solar electric propulsion spacecraft, and the cylindrical
shadow model’ is employed. A fixed-step, fourth-order Runge—

Table 1 Parameters for trajectory simulations

Stopping Pop,
condition days

ty =190 days 0
tr =260 days 1
ay=T0Re 1

ap, io, o, wo, 6o,
Case Re eo rad rad rad rad

1 382 0.731 0.2 1 2 0

2 2.1 0.5 03 3 4 2
3 1.08 0.001 05 5 6 1
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Fig. 1 Time histories of semimajor axis.
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Fig. 2 Time histories of eccentricity.

Table 2 Results obtained by orbital averaging and
precise integration

Orbital averaging Full integration

Case ar Re my, kg tr, days ay Re my, kg ty, days
1 76.66 887.92 190 92.81 887.90 190
2 89.83 848.80 260 107.16 848.76 260
3 70 797.69 372.89 70 798.00 372.19
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Fig. 3 Time histories of argument of perigee.

Kutta method with 500,000 steps is utilized for precise numerical
integration.

Figures 1-3 present the time histories for semimajor axis, eccen-
tricity, and argument of perigee for the two simulation methods.
Figures 1-3 demonstrate that the orbital averaging method (using
the approximate analytic integrals) shows very good agreement with
the precise numerical solutions. Note that the initial orbits for cases
1 and 2 have large eccentricity (Fig. 2) and that the approximate
analytic integrals produce mean eccentricity profiles that track the
osculating eccentricity. The averaged trajectories show good accu-
racy until the semimajor axis (or period) becomes too large and
the assumptions for averaging break down. (In all cases, we chose
to propagate the trajectories to within a few revolutions of orbital
escape conditions.) It is reasonable to expect orbital averaging meth-
ods to show good accuracy up to some maximum orbital period (or
semimajor axis) value, and Figs. 2 and 3 show very good accuracy
for each case up to a = 20 Earth radii (20 Re).

Table 2 presents a summary of the simulation results obtained
by orbital averaging and full numerical integration. Despite the ex-
cessive trajectory propagation to near-escape conditions, the per-
formance parameters (final mass and trip time for case 3) show
good agreement between the averaging and precise integration
methods.

Conclusions

The computational burden of simulating long-duration, many-
revolution planar tangential-thrust trajectories is alleviated by a new
orbital averaging technique. Simple analytic expressions for the in-
cremental changes in the classical orbital elements in presence of
Earth-shadow and oblateness effects are derived. The time histories
of classical orbital elements are obtained. Our new orbital averaging
technique is fast and exhibits satisfactory solution accuracy when
compared with precise integration results. Our method may be useful
as tool for rapid performance calculations (time of flight and propel-
lant mass), and it may be useful for simulating long-during transfers
in the context of a numerical trajectory optimization program.
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